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Abstract: In this paper, by using hardy inequality, we establish some new integral 
inequalities of Hardy-Hilbert type with general kernel. As applications, equivalent forms 
l/^ I and some particular results are built; the corresponding to the double series inequalities are 

given. reverse forms are considered also. 
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1 Introduction 



If p > l,l/p + l/q = 1, f{x), g{x) > 0, < j^ fP{x)dx < cxd, and 

(■OO 



i> : ^ ^ Jo 



< /q g'^{x)dx < cxD,then the famous Hardy-Hilbert 's inequality (see [1]) and an equivalent 



form are given by 



OO roo f ( ^\„l„,\ „ roo coo 



m 

00 

r^. / / ''^"''" dxdy< . ■' \l r{x)dxY'P[l g'i{x)dx]^, (1.1) 

O ' Jo Jo x + y sm{TT/p) Jq Jq 

And 

.OO .OO ^(^) , ,^, ^, 7^ 



dxfdy < [ ■ , , , f / F{x)dx, (1.2) 

K^ ; Jo Jo x + y sm(7r/p) J^ 

H ' Where the constant factor . ,^ / ^ and [ ■ 7 y J ^ are the best possible. 

jrt ' sin(7r/p) i-sin(7r/p)J '^ 

Hardy et al. [1] gave an inequality and its equivalent form , under the same condition of 
(1.1), similar to (1.1) as : 

f^'^'^3^y\ c[xdy<pq[r f{x)dx]^IP[r g'i{x)dx]-^, (1.3) 

Jq maxjx,?/} Jq Jq 

And 

/■OO POO fir) f°° 

/ [ / J x dx^dy < [pqf / r{x)dx, (1.4) 

Jo Jo max{a;,y} Jq 

Where the constant factor pq and [pq]''' are the best possible. 
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Inequalities (1.1), (1-2) ,(1.3) and (1.4) are important in analysis and its applications (see 
[2] ) . In the recent years , many generalization and refinements of these inequalities have been 
also obtained ( see [3-8] ). 

Recently Das and Sahoo [8] have given a new inequality similar to Hardy-Hilbert inequality 
(1.1) as follows: 

Let p> I, 1/p +l/q = 1, r,s,X> 0, r + s = Xf{x), g{x) > 0, 

F{x) = J^ f{t)dt, G{x) = /o" g{t)dt, if < /J" fP{x)dx < oo, 

< /q g'^{x)dx < oo,then the following two integral inequalities holds: 



{x + yY 



oo 



1 _ 1 ,_ 1 _ 1 

/^'^^'^^'^^ dxdy<pqB{r,s)[j fP{x)dx]^/P[ j 5«(x)(ix]i, 





(1.5) 



And 



i - 1 _ 1 

1 / PF{x) 



^ .^ dxfdy<[qB{r,s)f F{x)dx, (1.6) 

/o JO yx + y)^ Jq 

where the constant factors pqB(r,s) and [qB(r,s)]P are the best possible. 

Sulaiman [7, Theorem 1] derived a new integral inequality similar to (??) as follows: 

Let p > 1,1/p + l/q = 1, p = X- a- 1 > 1, p = X- (3 -1 > I, a,(3 > -l,f{x), g{x) > 0, 

F{x) = f^ f{t)dt,G{x) = f^ g{t)dt, if < j^ P{x)dx < ooO < J^ g'i{x)dx < oo,then the 

following two integral inequalities holds: 

, ^-^y^^P^dxdy 

1- i 1- 1 (1-7) 

< r^ 1 [/ /'(^M^]^''[/ 9'{x)dx]-^, 

(a + l)p(/5+l)9(p-l)(g-l) -^0 -^0 

in [7], Sulaiman does not prove whether the constant factor is best possible or not. very 
recently. Das and Sahoo [9] have given a new generalization of (1.7). the constant factor is the 
best possible to prove. 

In this paper, we obtain a generalization of the inequalities (1.5) and (1.7) with general 
kernel., the constant factor obtained is the best possible. First we prove the integral version of 
the inequality and some particular results. Then we give the discrete analogue of the inequality, 
equivalent forms and reverse forms are considered. 

2 Some Lemmas 

We need the following some inequalities, which are well-known as Hardy's inequalities (cf. 
Hardy et al. [1]). 



Lemma 2.1 If p > l,f{x) > , F{x) = J^ f{t)dt, and < J^ fP{x)dx < oo, th 



en 



(Ei^)Pdx < i^r r /''(^)^^' (2.1) 

X P - 1 Jo 

unless f{x) = 0,The constant is the best possible. 

Lemma 2.2 IfO<p< l,f{x) > , F{x) = /^°° fit)dt, and < J^ P{x)dx < oo, then 

[E^Ydx > {-^-f r r{x)dx, (2.2) 

X 1-p Jo 

unless f{x) = 0,The constant is the best possible. 

n 

Lemma 2.3 If p > l,a„ > 0, and An = Yl ^'h then 

i=l 

oo . oo 



Y.^—Y<{^fY.<^ (2.3) 

^-^ n p — 1 ^-^ 

unless all the a„ = 0. The constant is the best possible. 

n 

Lemma 2.4 If < p < l,a„ > 0, and An = Yl C'i> then 



i=l 

oo , oo 

E(— )'<(t^)'E<' (2-4) 

^-^ n 1 — p ^-^ 

n=l n=l 

unless all the a„ = 0. The constant is the best possible 

likx{x,y) is a measurable function, satisfying for A, u, x, y > 0, kx{ux,uy) = u~^k\{x,y), then 
we call kx{x,y) the homogeneous function of -A-degree. 

Lemma 2.5 Ifr,s,X > 0,r + s = \,k\{x,y) > is a homogeneous function of -X-degree, and 

oo 

kx{r) := f k{u,l)u'^~^du a positive number, define the weight functions uj\{s,x) and uj\{r,y) 



as 

poo 

ujx{s,x)= kxix,y)x''y'''^dy, (2.5) 

Jo 

/•oo 

^xir,y)= kxix,y)x''-^y''dx, (2.6) 

Jo 

then we have 

oo 

(i) J k{l,u)u^^^du = kx{r); 


(a) LOx{s,x) = ujx{r,y) = kx{r). 
Proof, (i) Setting f = i, by the assumption, we obtain 

oo 
s-l j„. _ / ;,^„. 1 \„.r-l. 



k{l,u)u'^'du= / k{v,l)v''~'dv = kx{r). 



(ii) Setting u = y/x in the integrals uJxis, x), in view of (i), we still find thata;A(-5, x) = kx{r). 
Similarly we have u}x{r,y) = kx{r), The lemma is proved. 



Lemma 2.6 If p > 1,1/p + 1/q = 1, r,s,X > 0, r + s = X,kx{x,y) > is a homogeneous 
function of -, 
e > 0, setting 



function of -X-degree, and kx(r) := J k{u, l)u'^ ^du a positive number, for sufficiently small 
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l2 = 


Y^(fcA(r) + 02(1)) -02(1), 


h = 


-^(kx{r) + os{l))-Osil). 



(2.7) 
(2.8) 
(2.9) 

(2.10) 
00 _ e+l _ -I r^i-fx _ e _ 1 

X 9 [/ kx{l,u)u 1 du]dx = 02{l), (2.11) 

1 Jo 

°° _e+l _ 1 /"V^ r- ^ - 1 

X P [/ fcA(l,ii)n P dn]da; = 03(l), (2.12) 

1 JO 

then for e — > O'^we /laue 

/i = ^(A;A(r) + oi(l))-Oi(l), (2.13) 

(2.14) 

(2.15) 

Proof, setting u = y/x,we have 

h = / kx{x,y)x P y ^ dxdy = x ^[1 kx{l,u)u i du]dx 

Ji Ji Jl Jl/x 

x^^"^[/ fcA(l,^i)n'' 9 (iii](ix - / x^^^^l kx{l,u)u^ i du]dx 

1 Jo Jl Jo 

= i(fcA(r) + oi(l))-Oi(l). 
Similarity we can prove (2.14) and (2.15), The lemma is proved. 

3 main results 

Theorem 3.1 Let p > 1,1/p + 1/q = 1, r + s = X, f{x), g{x) > 0, A > 
F{x) = Jo fit)dt,Gix) = !^g{t)dt, ^/0 < j^ f'P{x)dx < oo 

oo 

< f^ g'^{x)dx < oo, kx{r) := f k{u, l)u'^^^du is a positive number, then the following two 


integral inequalities holds: 

oo />oo 1-1 1-1 />oo 1 />oo 1 

is— i , 



X <i y P kx{x,y)F{x)G{y)dxdy <pqkx{r)[ f^{x)dx]p[ g''{x)dx]<i, 
Jo Jo Jo 

(3.1) 



And 



[/ x''^~ y''Pkx{x,y)Fix)dx]Pdy<[qkxir)]P Fix)dx, (3.2) 

^0 Jo 



where the constant factors pqk\{r) and [qk\{ryf are the best possible. 

Proof.By Holder's inequality with weight (cf. Kuang [9]) and Lemma 2.5, we have 

OO fCO _ 1 _ 1 _ i _ 1 

x 1 y P kx(x,y)F{x)G{y)dxdy 



JO 

OO />oo s—1 I. _ 1 r—1 s _ 1 

k\ix,y){y P xP F{x)){x i yi G{y))dxdy 
JO 

poo /»oo 1 

<{/ / kx{x,yW-^x'-PFP[x))dxdy}P 
Jo Jo 

/"OO /"OO 

X / / kxix,y)x'-'y'-iGiiy))dxdy 
Jo Jo 



Then by Hardy inequality (3.1), (3.1) is valid. 
By Holder's inequality and Lemma 2.5, we get 



°° _ i _ 1 _ 1 

X '^ y Pk\{x,y)F{x)dx 



OO 5—1 r 1 r— 1 s 

k\{x,y){y P xP F{x)){x ^ y^)dx 
/o 

/•OO 1 

<{/ kx{x,y){y'~^x''-'PFP{x))dx}P 

t-oo I 

x{ kx{x,y)x''-^y'dx}'} 
Jo 

i fOO 1 

= k'^{r){ / kx{x,yW-'x'-PFP{x))dx}P, 
Jo 



Hence, again applying Lemma 2.5, we obtain 



OO /-OO _ 1 _ 1 1 

[ X 1 y Pk\{x,y)F{x)dxY'dy 
Jo 

P j-OO 

<kl{r) / kx{x,y){y'~^x''PFP{x))dx 

JO 

= kl{r)r{^Ydx, 
Jo X 



then by Hardy inequality (2.1), (3.2) is valid. 

^ r- - — 1 s~ - — 1 

X '} y P k\{x,y)F{x)G{y)dxdy 
JO 



X 1 y Pkx{x,y)F(x)dx( )dy 

/o Jo y 

<{/ [/ x' ~^ y Pkx{x,y)F{x)dxrdy}P{ (^^)'?dy}^, 

Jo Jo Jo y 

By (2.1) and (3.2), we have (3.1), Hence (3.2) and (3.1) are equivalent. If the constant factor 
pqkx{r) is not the best possible, then there exists a positive constant i^withi^ < pqk\{r), thus 
(??) is still valid if we replace pqkx{r) by K. 

For sufficiently small e > 0, Setting fe{x) ge{x)Fir{x)a,ndGe{x) as follow 

xG(0,l) [ ye (0,1) 

fe{x) = <( _i _ £ , gsiy) = < „1 _ £ 

X p p xe[i,oo) \ y '^ 1 ye[i,oo) 

0, xG(0, 1) 

Feix) ={ l_e 

j^^{xi p-i), xe[i,oo) 

_ 0, ye (0,1) 

Gsiy) = { 1 - £ 

j^^iyp 1-1), yG[l,oo) 

Let ip{e) = (i„e(g-i»a-£(p-i)) ' ^^^^ "^^^"^ ~^ ^^' ^s '^ ^ 0^ ^"d 

{/ fi{x)dx}p{ gl{x)dxy^=-, (3.3) 

Jo Jo £ 

1 £1 £ 1 £ 1 £ 

F£(x)G£(y) > V3(e)(x9 PyP i - yP i - xi p). 



Hence 

x 1 '^y" P ''kx{x,y)Fe{x)Gs{y)dxdy 



oo /-oo 1 -. _ 1 _ 1 



Jo 

> (p{e) j / kx{x,y)[x''~ P~ y"" 'i ~ - x*"" « ~ y^~ '^ ~ -x!'~^~ y^^~ ]dxdy, 
Jo Jo 

By Leninia2.5,we obtian 

°° /•°° r- i - 1 s- i - 1 

X 1 y P kx{x,y)Fe{x)Ge{y)dxdy 
Jo 

f°° f°° r- ^ - I s- ^ - I r- - - 1 s~ ^ - I 

> ip{e)[ kx{x,y){x P y i —xi y '^ )dxdy 

Jo Jo (3.4) 

°° f°° r- ^ - 1 s- i - 1 

/ kx{x,y)x P y P dxdy] 
Jo 

^{e)[-^{kx{r) + oi(l)) - Y^^ikxir) + 02(1)) - Y^^ihir) + 03(1)) - 0(1)], 



If the constant iactorpqkx{r) in (3.1) is not the best possible, then there exists a positive 
constant K, such that K < pqk\[r) and (3.1) stih remains vahd \{ pqk\{r) is replaced by K. 
In particular by (3.2) and (3.3), we have 

V{e)[kx{r) + oi(l) - Y^(feA(r) + 0^(1)) - -^^{kx{r) + o,{l)) - 60(1)] 

f°° f^ r- i - 1 s- i - 1 

<e X 1 y P kx{x,y)Fe{x)Gs{y)dxdy 

Jo Jo 

POD 1 POO 1 

< £K{ / fP{x)dx}p{ / g^^{x)dx}^ = K, 
Jo Jo 

Then pqk\{r) < K as e —^ O^.This contradiction shows that the constant factor pqk\{r) in 
(3.1) is the best possible. 

If the constant factor [qk\{r)Y in (3.2) is not the best possible, then there exists a positive 
constant Ksnch that K < [qkx(r)]Paiad (3.2) still remains valid if [qkx{r)]P is replaced by K^. 
Then by Holder inequality, (3.2) and Hardy inequality (2.1), we obtain 



«^ f^ r-l -I s- i - 1 

X 1 y P kx{x,y)F{x)G{y)dxdy 
Jo 

/ X 9 y Pkx(x,y)F(x) dxdy 

Jo y 

<{/ (/ x' -^ y' Pkx{x,y)F{x)dxYdy}p{ [^^fdyY^ 

Jo Jo Jo y 

/•oo 1 />oo 1 

<pk[ r{x)dx]P[ 9'^{y)dy\'^. 
Jo Jo 

which gives that the constant factor pqkx{r) in (3.1) is not the best possible. This contradiction 
shows that the constant factor [qkx{ryf in (3.2) is the best possible. This proves the theorem. 

Theorem 3.2 Let p > l,l/p + l/q = l,p = X - a - 1 > l,p = \ - P - 1 > l,a,/3 > 
-l,/(x), g{x) > 0,F{x) = £ f{t)dt,G{x) = f^ 9{t)dt, if < j^ P{x)dx < oo, < 

oo oo 

f^ g'^{x)dx < oo, kx{a) := f k{l,u)u°'du and kx{P) '■= J k{u,l)u^du are positive number 



then the following two integral inequalities holds: 



kx{x,y)xiyP F{x)G{y)dxdy < pqkY^ {a)kY'^ {li)[ fP{x)dx]^/P[ g'^{x)dx]-^, 

Jo Jo 

(3.5) 



kx{x,y)x<iyP ^ 'F{x)dxfdy < qP[kx{aW''kxW)[ / fnx)dx]'^n / 9''{x)dx]-^, 
Jo Jo Jo 

(3.6) 

The proof of Theorem 3.2 is similar to that of Theorem 3.1, so we omit it. 



Theorem 3.3 Let p > l,l/p + l/q = 1, f{x), g{x) > 0, A > 0, F{x) = J^ f{t)dt,G{x) = 

OO 1 1 

f^ g{t)dt,if < f^ {xf{x)ydx < oo, < j^ {xg{x)Ydx < oo, kx{p) := J k{u,l)uP du is 


a positive number, then the following two integral inequalities holds: 

/•CO 1 /•oo 1 

kx{x,y)F{x)G{y)dxdy <pqkx{r)[ {x f {x)y dx\P [ i {xg{x)ydx]'^ , (3.7) 

JO Jo Jo 

And 

foo poo fOO 



kx{x,y)F{x)dxfdy<[qkx{r)f {xf{x)Ydx, (3.8) 

Jo Jo 

where the constant factors pqk\{r) and [qk\{r)Y are the best possible. 

The proof of Theorem 3.3 is similar to that of Theorem 3.1, so we omit it. 

Theorem 3.4 Let < p < l,l/p + l/q = I, r + s = X,f{x), g{x) > 0, A > 0, F{x) = 
J^f{t)dt,Gix) = J^g{t)dt,zfO< !^fnx)dx < oo, 



< Jq°^ g'^{x)dx < oo, kx{r) := J k{u, \)u^ ^du is a positive number, then the following two 


integral inequalities holds: 

oo /•oo 1-1 1-1 /•oo 1 fOO 1 

J- s— - — 1 , 



X 9 y p kx{x,y)F{x)G{y)dxdy > {-pqkx{r))[ fP{x)dx]P[ g'^{x)dx]<i , 
JO Jo Jo 

(3.9) 

And 

/"OO /"OO 1-1 1 /"CO 

/ [ / x"~ 9 " y'~ Pkxix, y)F(x)dxfdy > [-qkx{r)y / ^ (x)dx, (3.10) 

Jo JO Jo 

where the constant factors [—pqkx{r)] and [—qkx{r)]'P are the best possible. 

Theorem 3.5 Let < p < l,l/p + l/q = I, fix), g{x) > 0, A > 0, F{x) = /^°° f{t)dt, G{x) = 

OO ]_ 1 

f^g{t)dt,if < f^ {xf{x))Pdx < oo, < j^ {xg{x)ydx < oo, kx{p) := f k{u, 1)up du is 


a positive number, then the following two integral inequalities holds: 

/•oo 1 POO 1 

kxix,y)F{x)G{y)dxdy > [-pqkx{p)][ {xf{x)fdx\P[ {xg{x)f dx]"^ , (3.11) 
JO Jo Jo 

And 

f'OO f'OO POO 

/ [/ kx{x,y)F{x)dxrdy>[-qkx{p)r {xf{x)Ydx, (3.12) 

Jo Jo Jo 

where the constant factors [—pqkx{r)] and [—qkx{ryf are the best possible. 

4 Discrete analogous 

n n 

Theorem 4.1 Let p > l,l/p + l/q = 1, r + s = X,an, bn > 0, An = Yl '^k, Bn = Yl ^k, if 

k=l fc=l 

k{u,l)u^~^ and k[l,u)u^~^ are decreasing in (0, oo) and strictly decreasing in a subinterval of 



(0, (x>), < X] afj < oo, < J2 ^n < oo, then the following two inequalities holds: 

n=l n=l 

OOOOii OOiOOi 

^^m''"?" n'p' kx{m,n)A^Bn<pqkx{r)[J2<]P[^K]^, (4-1) 

n=l m=l n=l n=l 

And 

oo oo -^^ -^ CO 

J] [J] m''" ^ " n^" Pkx{m,n)A^r < [qkx{r)rJ2<^ (4-2) 

rt=l m=l n=l 

where the constant factors pqk\{r) and [qk\{r)Y are the best possible. 

The proof of Theorem 4.1 is similar to that of Theorem 3.1, so we omit it. 

Theorem 4.2 Let p > 1,1/p + l/q = I, p = \ - a - I > l,p = \ - fi - I > I, a,l3 > 

n n 

— l,a„,6„ > 0, ^„ = T^ (^k,Bn = ^ bk,if k{u,l)u°' and k{l,u)u'^ are decreasing in (0, oo) 

k=l k=l 

oo oo 

and strictly decreasing in a subinterval of (0,oo), < ^ afi < oo, < ^ 6n < oo, then the 

n=l n=l 

following two inequalities holds: 

OOOOfl^ OOiOOi 

J^ ^m9nP/cA(m,n)A„,B„ <pgA:A(a)[^aP]P[^6«]9, (4.3) 

n=l m=l ra=l n=l 

5^ [J^ m^nP + 'kx{m,n)Arar < qP[kx{a)r-'kx{(3)Y,<, (4-4) 

n=l »n=l ra=l 

n ri 

Theorem 4.3 Zei p > l,l/_p + 1/g = 1, A > 0, a„, 6„ > 0, yl„ = Y^ a^, S„ = ^ 5^, 

fc=i fe=i 

oo 1 — 1 i— 1 i — 1 

^a(p) := f k{u,l)uP du,if k{u,l)uP and k{l,u)ui are decreasing in (0,oo) and 



oo oo 

strictly decreasing in a subinterval of (0, oo), < ^ fln < oo, < ^ 6n < oo, then the 

n=l n=l 

following two inequalities holds: 



Y^ Y^ /cA(m,n)^„S„ <pgfcA(p)[J^(na„)P]p[^(n6„)P]9, (4.5) 

n=lm=l n=l n=l 

And 

oo oo oo 

j;[j;A;A(m,n)^„]P< [#a(p)]^E(^«")''' (4-6) 

n=l m=l n=l 

where the constant factors pqk\{p) and [qk\{pyf are the best possible. 

n n 

Theorem 4.4 Let < p < 1,1/p + l/q = 1, r + s = A, a„, 6„ > 0, ^„ = ^ a^, i3„ = X^ &fc; 

A:=l k=l 

if k{u,l)u''^^ and k{l,u)u^^^ are decreasing in (0, oo) and strictly decreasing in a subinterval 

oo oo 

of (0, oo), < X^ On < OO, < ^ 6n < OO, then the following two inequalities holds: 

n=l n=l 

OOOO-ii OO-jOOi 

^^m''"^" n~P~ kx{m,n)A^Bn>[-pqkx{r)][Y<]P[Y^n]^' (^•'^) 

n=lin=l n=l n=l 



And 

OO OO 1 ^ 1 oo 



Y, [E "^'^ ' ~ "" Pkx{m,n)A^r > [-qkx{r)rY.<' (^.8) 

n=l m=l n=l 

where the constant factors [—pqkx{r)] and [—qkx(r)]P are the best possible. 

n n 

Theorem 4.5 Let < p < 1,1/p + l/q = I, X > 0, a„, 6n > 0, A„ = ^ ak, Bn = Yl ^k, 

k=l k=l 

oo 1 1 1 1 1 1 

k\{p) '■= J k{u,l)uP du, if k{u,l)uP and /c(l,u)u'? are decreasing in (0, oo) and 



oo oo 

strictly decreasing in a subinterval of (0, cxd), < Yl '^n < oo, < Yl ^n < oo, then the 

n=l n=l 

following two inequalities holds: 



oo -|^ oo ^ 

n=l m=l n=l n=l 



E E fcA(m,n)^„S„ > [-p#A(p)][E("«nr]^E(^^")'']^ (4-9) 

And 



oo 



n=l m=l n=l 

where the constant factors [—pqkx(p)] and [—qkx{p)]^ are the best possible. 



5 some particular results 

(1) kx{x,y) = y^ly^x , by Lemma 2.3 we have 

oo 

,r~l 



^a(0 := / T, ix^u = Bir, 1 - A) + Bis, 1 - A), 





By Theorem 3.1 and 4.1, we have 
_ 1 _ 1 __ 1 _ 1 
/ ^ ^ ^^' dxdy<pq[B{r,l-X)+B{s,l-X)][ f\x)dx]p[ g''{x)dx]'i ., 

Jo F ~ y\ Jo Jo 



(5.1) 



_ 1 _ 1 _ 1 

oo foo r- ^ i « PF(x) r°° 

. ^ ^-^dxjPdy < [qiB{r, 1 - A) + B{s, 1 - X))]p / fP{x)dx, (5.2) 

0^0 F ~ y\ Jo 



(2) kx{x,y) = ^x_J^\ by Lemma 2.3 we have 



oo 

TT 12 



^a(^) := / -; y-'^u 



\ _ ^A LAsin(r/A) J 





By Theorem 3.1 and 4.1, we have 



- - — I -- — I 
JO X — y ^ I ' 



(5.3) 
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1 1 1 



[ r '"^"^'^"'a_J"'''^'^ ^^F^^ < [^[liR^A) ]^]^ r /n-)dx, (5.4) 



10 Jo X — y 

(3) A;A(x,y) = |^_^|/j(niax{x,^})^-g ' (0 < /3 < 1) by Lemma 2.3 we have 

oo 
r ur-l 

kxir) := / ^ xu-g ^^ = ^(''' 1 - /3) + ^(s, 1 " /3), 

J |1 — u|''(max|l,n|)-^ P 



By Theorem 3.1 and 4.1, we have 

_ 1 _ 1 _ 1 _ 1 

/ —I m 7 X^rT^dxdy<pq[B{r,l-f^)+B{s,l-m nx)dx]v[ g^{x)dx]'i, 

Jo \x-y\P{max{x,y})^ P Jq Jq 

(5.5) 
_ 1 _ 1 _ 1 

/ [ / I ,B( r xJ-B ^A'dy < [q{B{r, 1 - /?) + B{s, 1 - /3))]^ / r{x)dx, (5.6) 

Jo Jo \x - y\P {max{x, y } )^ P Jq 

(4) kx{x,y) = ^'""]^!:^|j''~^ , (0 < /3 < 1) by Lemma 2.3 we have 

oo 


By Theorem 3.1 and 4.1, we have 

_ 1 _ 1 _ 1 _ 1 

°° /"^ (minia;, y})^-^x'' ? y' p F{x)G(y) ^ , 

/ ^ Vfi dxdy 

Jo \x-y\^ (5.7) 

/■oo 1 /.oo 1 

<pg[(/3-r,l-/3) + S(/3-s,l-/3)][/ f\x)dx]v[ 5«(x)dx]i, 

JO JO 



r- i - 1 s- i 

°° 1"^ (mm{a;,y})^~^x'' « y'' PF(a;) 



dxfdy < [qiW-r, l-/3)+B(/3-s, 1-/3))]^ / r(x)dx, 



JO F ~ y| JO 

(5.8) 
(5) kxix,y) = (raax{xT^})^+'3 ' (^^ > - mm{r, s}) by Lemma 2.3 we have 

oo 

A. (r) ■= f l^-^^l^'"' .^,. = |/3|(r(r + /3) + g(g + /3)) 
^^ ^ ■ y (maxjl.uD^+Z' rs(r + /3)(s + /3) 



By Theorem 3.1 and 4.1, we have 

°^ r \x^ - y'^W" ^ ~ ^y"~ P ~ ^F{x)G{y) 
Jo (max{x, y})^+^ (59) 



,^,(r(r + /3) + s(s + /3))^ [^ ^„. .^ i. p „, ,^ 1 
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/ ? 7 T\A+B ^^ ^^ < w / .o^f , m / Fix)dx, 

Jo (maxja;, y})^+P rs(r + ^)(s + /3) Jq 



(5.10) 



(6) A:A(x,y) = j^^^^, (0 < /3 < 1) by Lemma 2.3 



we have 



r-1 



lnti|n'' 1 1 

(maxjljti})'** r^ s^ 



^A(r) := / ,^^„n ..iu ^^ = 12 + 72 ' 





By Theorem 3.1 and 4.1, we have 

_ 1 _ 1 _ i _ 1 

\ln{x/y)\x' 1 / P F(x)G(y) , , ,11/"°° i /""^ i 



I 1 1 /"°° i /"°° 1 

-dxdy < pq{^+^)[ fP{x)dx]p[ g'^{x)dx\i, 
r-^ s^ Jo Jo 



^0 (max{x,y})^ 

(5.11) 
_ 1 _ 1 _ 1 

°° '•°° |ln(x/y)|/ 9 / ^^(^). IP. r^l 1 



dxfdy < [q{^ + -^)r / r{x)dx, (5.12) 



Jo (max{x,y})^ r^ s^ Jq 



(7) kx{x,y) = ^^ff^, (0 < /3 < 1) by Lemma 2.3 we have 

oo , , 

lnu\u'^~^ 



^■^('■)-^tS^"« = E(-i)" ^ 



iJ^uX l^^ I (An+r)^ ' 



"=^ 



By Theorem 3.1 and 4.1, we have 



oo />oo 



ln(x/y)|/ 9 y" V F(x)G{y) ^ 
I A I A uxcLy 

Jo ^ +y (5 13) 

°o ]^ oo 1 foo 1 f°<^ 1 

<^^(E(-i)"(i^)^(E(-i)"(A;iTiF)^[/ /"W^^]^[/ 9'{x)dx]-^, 

n=l n=\ -"^ ■'^ 

^0 70 X ^y ^^^ ^^^ Jo 

(5.14) 
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